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This paper presents an analytical description of frictional contact hysteresis behavior between two flat
rough surfaces in partial and gross slip. Couplings between shear and normal forces in the contact inter-
face are included by considering spherical asperities in oblique contact. In the oblique contact, the rela-
tion between shear and normal interface forces is determined using asperities tangential friction forces
and Hertzian normal contact forces. The Mindlin elastic spherical contact solution is modified in this
study using the rod contact model leading to higher maximum tangential friction force and pre-slip limit
compared to the classical solution. Based on the proposed modified Mindlin spherical contact solution,
this paper develops a modified two rough interface (MTRI) model using the multi-asperity contact theory.
The MTRI model provides accurate estimates of the contact interface behavior in an explicit form by
including the oblique contact effects and the rod solution.

In obtaining the hysteresis behavior of two flat rough interface contact, the contact regions associated
with the pre-slip and sliding state at different tangential loading phases, i.e., virgin loading, unloading,
and reloading, are determined. Then by the integration of pairs of asperities contact forces over the con-
tacting regions at each state, restoring forces of contacting surfaces are obtained. The proposed MTRI
model predictions are validated against experimental observations and found to be in good agreement.

<2020 Published by Elsevier Ltd.

1. Introduction

The surface of all metals on the microscopic scale is rugged
where the roughness or asperities have different height, gradient,
and peak radii. The asperities geometry and the normal pressure
of the interfaces affect the contact behavior and its associated fric-
tion coefficient (Panagouli and Mastrodimou, 2017). The asperities
are not rigid and may have elastic or plastic deformations due to
the shear and normal interaction forces between the two contact
surfaces.

In shear contact between the two flat rough surfaces, the defor-
mation is divided into states of partial and gross slips. In the partial
slip region, the contact interface of some asperities is in stiction,
while the contact in other asperities is in slip state. On the other
hand, in the gross slip between the two flat rough surfaces, all
asperities are in a complete slip mode (slide state). At the asperity
scale, the contact mode is also divided into pre-slip (stick) and slid-
ing modes. In the pre-slip mode, parts or whole contact area
between two asperities is in stick state, while in the sliding mode,

* Corresponding author.
E-mail address: ahmadian@iust.ac.ir (H. Ahmadian).

https://doi.org/10.1016/j.ijsolstr.2020.07.013
0020-7683/ 2020 Published by Elsevier Ltd.

the entire contact area of asperities slips (Bjorklund, 1997; Eriten
et al,, 2011; Jankowski et al., 2016).

The statistical summation method is commonly employed in
the analytical analysis of contact surface behavior. An important
advantage of adopting a statistical summation method is that it
relates contact parameters to the standard roughness measure-
ment parameters. The resultant physical-based models are attrac-
tive in investigating the dynamic behavior of mechanical joints
(Truster et al., 2013). The hysteretic response of contacts may be
determined by concepts other than asperity models (Aleshin
et al., 2018; Delrue et al., 2018). The latter methods are not the
focus of this study.

There are two common scenarios in employing the statistical
method, i.e., single rough surface (SRS) and two rough surfaces
(TRS) (Greenwood and Tripp, 1970). The primary assumption in
the SRS concept is that contact of all asperities is summit to sum-
mit. Consequently, the contact interface is simulated by a smooth
flat rigid surface in contact with an elastic flat rough surface. These
models do not consider the effects of asperities oblique contact and
the two-contact topography coupling effects. Therefore phenom-
ena such as coupling between vertical and horizontal contact
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Nomenclature
R the average radius of asperity summits 0 the tangential relative displacement of two contacted
R the combined radius of asperity summits asperities
g the standard deviation of asperity heights oL Slippage tangential displacement limit of two contacted
z, Zmax  asperity height and its maximum value asperities
Zc the lowest height of contacting asperity v the relative vertical displacement of two rough surfaces
Z slippage heights limit of asperity in the virgin loading u the relative horizontal displacement of two rough sur-
phase faces
%n upper heights of sliding asperities in oscillating phase u the maximum relative horizontal displacement of two
Zp the lower limit of asperity heights in stiction in the rough surfaces
oscillating phase ur slippage horizontal relative displacement limit of the
r, T, the horizontal distance between axes of two contacted flat rough interface
asperities and the initial value fa The Hertzian normal force of two contacted asperities
¥, Yo distance between two flat rough surfaces and its initial fz tangential friction force of two contacted asperities
value FMax slippage tangential frictional force limit of two con-
& overlap of two contacted asperities tacted asperities
0 the contact angle of two contacted asperities K1, Kz  correction coefficient of slippage limits of displacement
a the radius of the contact area of two contacted asperi- and friction force
B ties Pa> 4a vertical and horizontal force component of asperity
a the normalized contact area of two contacted asperities P,, Q, the total vertical and horizontal force of rough interface
Q, 0 the initial contact angle of two contacted asperities and in the virgin loading phase
its mean value Py, Q, the total vertical and horizontal force of rough interface
w the penetration depth of two contacted asperities in the in the oscillatory loading phase
vertical direction u friction coefficient
Wy the penetration depth of two contacted asperities in the V4 plasticity index
normal direction D(2) the probability density function of asperity heights
n the combined areal density of asperities Y(p) the distribution function of the initial contact angle
A the nominal contact area of the rough interface Y the ratio of combined radius to asperity radius
E,G Young’s modulus and shear moduli of contacting sur- € variation of external vertical load
o face materials L, Lg traversing and sampling length of the measured profile
E G combined Young’s modulus and shear moduli Riu Kurtosis of the measured roughness profile
S,H shear strength and hardness Rpe peak count of measured surface profile
v Poisson’s ratios of contacting surface materials Rsm mean value of profile elements width
R:, R,  mean and root mean square of roughnessSuperscripts M Ry the skewness of measured roughness profile
and B refer to Mindlin and Boltachev formulationsSub-
scripts u and [ refer to the upper and lower contact sur-
face

forces and the lift-up that are considered in this research cannot be
modeled and investigated using the SRS strategy.

The TRS models consider both contact surfaces are rough and
provide means to calculate contact normal and shear forces, as well
as their associated normal and shear stiffness (Abdo, 2006). The
main features of TRS models are that they simulate the oblique
contact effect of asperities and consider the elastic interaction of
two flat surfaces. The TRS model was first employed to describe
the normal force between two contact surfaces (Greenwood and
Tripp, 1970). In this modulation, Hertz forces were considered as
the only interaction force between two asperities (Sepehri and
Farhang, 2008; Sepehri and Farhang, 2011a). Elastic-plastic model-
ing of two flat surfaces using the finite element method was also
carried out by these researchers (Sepehri and Farhang, 2011b).
De Moerlooze et al. (2010) have introduced a model to simulate
coupling between shear and normal directions of contact. They
showed relative horizontal displacement in the contact interface
of two rough surfaces creates movement in the vertical direction.
This phenomenon was recorded in some experimental observa-
tions and is called “displacement lift-up” (Al-Bender et al., 2012).
Ahmadian and Mohammadali (2016) have also conducted a set
of studies on lift-up modeling. They provided a surface contact
model that takes into account the coupling between shear and nor-
mal contact forces. Another study related to lift-up is the experi-
mental research published by Hintikka et al. (2016). Gao et al.
(2017) proposed the normal damping model of joint interfaces

using the TRS model considering the pre-slip state and asperities
in lateral contact. Empirical studies of Ahmadian and
Mohammadali (2016), Al-Bender et al. (2012), and De Moerlooze
et al. (2010) simulation show shear deformation affects the normal
direction behavior in the pre-slip state of the contact interface. In
addition, these studies indicate the TRS model simulates the lift-
up phenomenon, while the SRS model ignores this phenomenon.
Many research works conducted on the TSR model neglect the
pre-slip state in the investigation of frictional hysteresis behavior.
However, there exist several methods to determine the tangential
force of pre-slip in contact problems. Hills et al. (2018) proposed a
family of techniques for the solution of a pure shear half-plane pre-
slip problem. Mindlin et al. (1951) proposed a force-displacement
relation in the pre-sliding state for the tangential force of virgin
and oscillatory loading phases. Also, a tangential force-displace-
ment relationship is proposed by Boltachev et al. (2012) based
on the rod solution in the contact of two elastic spherical particles.
This paper provides a distributed model that considers the cou-
pling effects between contact interface normal and friction forces
and is capable of simulating the contact interface behavior, includ-
ing hysteresis phenomena under constant and variable vertical
loads. Instead of using classical Mindlin solution, a modified Mind-
lin solution is developed and employed to simulate the contact
hysteresis behavior more accurately. The classical Mindlin solution
of tangential friction force that is based on the Hertzian normal
contact force theory is modified using the normal contact force

Please cite this article as: H. Jamshidi and H. Ahmadian, A modified rough interface model considering shear and normal elastic deformation couplings,
International Journal of Solids and Structures, https://doi.org/10.1016/j.ijsolstr.2020.07.013

108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133


https://doi.org/10.1016/j.ijsolstr.2020.07.013

134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159

161
162
163
164

165

166
167
168
169
170
171
172
173
174
175

176
177

179

180
181
182
183

184
185

187

188
189

191

192

193
194

SAS 10798
1 August 2020

of the rod solution (Boltachev et al. 2012). Coupling effects due to
the oblique contact of asperities are modeled by considering the
asperities contact angle and the deformation friction coefficient
in the contact interface formulation.

The asperity contact forces are evaluated for different states of
the pre-slip and slip motion in three tangential loading phases,
i.e., virgin loading, unloading, and reloading. Then the extracted
relations are extended to surface contact interface using the inte-
gration of distribution function of asperity height. Finally, the
results of this analytical model are verified by the experimental
observations. Verifications are performed using two experimental
studies where the first test case is a contact interface with constant
vertical force. In this case, the hysteresis curves obtained from the
proposed model are compared with the results of experimental
data, where the parameters of the contact model are measured
directly from contact interface topography, as reported by Eriten
et al. (2011). The latter test case experiences variable vertical
forces (Rajaei and Ahmadian, 2014), and it is shown the model pre-
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Fig. 1. Single spherical asperity geometry.
r2
WeZ—y——. 4
T (4)

sented in this paper is capable of simulating hysteresis behavior of
the contact and its associate lift-up curves accurately.

The remaining of this paper is organized as follows: In Section 2,
the geometrical and force relations in the contact interface of two
spheres are reviewed. A new tangential friction force model is pre-
sented based on the classical Mindlin theory and the rod solution.
Also, the oblique contact effect is modeled by considering the con-
tact angle and the modified friction coefficient. In Section 3, con-
tact forces of two flat rough surfaces are derived at asperities
pre-slip and slip states. The predictions of the developed contact
interface model of this study are validated in Section 4 using two
experimental case studies. Finally, Section 5 draws some
conclusions.

2. Contact of two spherical asperities

This section introduces the geometric properties of two con-
tacted asperities and their associated normal and tangential con-
tact forces. Fig. 2 shows the radius of the asperity summit and its
height designated by R,,R, and z,,z, respectively, subscripts u
and [ denote the upper and lower surfaces.

Fig. 2 shows the contact geometry of two asperities in two-
dimensional coordinates. The distance between the mean asperity
heights of contacting surfaces is y. Parameters 6 and r, respectively,
show the contact angle of the two spherical surfaces and asperities
horizontal relative position; r, shows the initial value of r. Assum-
ing the overlap of two asperities is &, then:

éZZ_yv
Z=2z,+2z, (1)
y=y,+v.

Parameter y, shows the initial vertical distance between two
flat surfaces and v is the relative vertical displacement of two
rough surfaces. Using geometrical information of Fig. 1 and
Fig. 2, the penetration depth is determined as,

W:Zl(rl)+zu(ru)_y’ (2)
where,

Zi(r) =2 7Ri+ \/ R12 7r27 (l: lvu)-, (3)
r=gr ry="%r R =R +Ry.

The vertical penetration depth is calculated by substituting Eq.
(1) and Eq. (3) into Eq. (2) as,

Eq. (4) enables one to define restoring forces of the considered
contact interface.

2.1. Modified Mindlin tangential force

Classical Mindlin formulation defines the tangential friction
force of two contacting spheres in pre-slip condition as (Johnson,
1987),

3/2

164G
flrv'::ufn 1<13:ufn 5) . 5)

In Eq. (5), which states virgin loading friction force, superscript
M represents Mindlin solution, g, is the friction coefficient at the
asperity scale, 6 denotes the tangential displacement, and a is the

radius of the contact area. Also the combined shear moduli, 6 is
defined using shear moduli and Poisson’s ratio of upper and lower
contact surfaces, i.e., Gy, G, v,, and v, as,

G= ((2 —V)G 4+ (1 - vu)cgl)'l. (6)

The Hertzian normal force, f,, is defined as (Greenwood and
Tripp, 1970),

fo=KwW?, 1<:§N§, ™

where w;, is the normal penetration depth, and,
_ 1 - -1
E=((1-v)E"+ (- )E") R=(R'+R") . &)

In Eq. (5), the maximum tangential displacement and friction
force in stick state are:

3uf
5;.\/1 = K = s fyMux = :ufn (9)
16a G
Then Eq. (5) may be rewritten using the sign function of the
horizontal contact relative velocity, s = sign(il), in the following
form:

5 3/2
=5 M 1—<1——> : (10)

o

When two asperities are of similar material properties and
identical summit radius, considering

E=2G(1+v), R=R, =R, (11)
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' 1
Rll

Z,(r)

Y
Z (r) R,
)
Initial state
=9 y

e < — &

Deformed state, after movement

Fig. 2. Two asperities contact geometry.

then the maximum frictional force and the pre-slip tangential
displacement limit based on the Mindlin theory is defined in the
following forms:

2-va® .y 4 E &

5%4:/117v§sfr,Max:fuf”7§'umﬁ.

(12)

Compared to the classical Hertz law, a more recent model, i.e.,
the rod model (Boltachev and Aleshin, 2013), applies to a broader
range of deformations. Based on the rod model, the deformation
and stress distribution in the normal compression of spherical par-
ticles are sums of the Hertz solution, and the solution for the com-
pression of a confined rod causes the relatively considerable
deformations. Boltachev and Aleshin (2013), considered virtual
rod reactions to the normal contact forces of elastic spherical par-
ticles in addition to the Hertz solution and proposed a new tangen-
tial force-displacement relation in the pre-slip state in an implicit
form. Boltachev model predicts higher slippage friction force and
displacement limit in the contact of two elastic spherical particles
compared to the Mindlin solution. However, Boltachev model
implicit formulation cannot be analytically integrated over asper-
ity contacts of two rough interfaces using associated distribution
functions. The present study reformulates the Mindlin explicit
solution defined in Eq. (10) to overcome this difficulty by introduc-
ing correction factors to match Boltachev model maximum tangen-
tial friction force and pre-slip limit. This study shows the proposed
modified Mindlin explicit formulation closely follows predictions
of Boltachev implicit formulation and exactly matches its maxi-
mum tangential friction force and pre-slip limit. The modified
Mindlin solution may be analytically integrated over asperity con-

tacts of two rough interfaces using related distribution functions
and predicts friction forces as accurate as Boltachev implicit
formulation.

Boltachev et al. (2012) defined the maximum tangential friction
force and pre-slip limit in the contact of two elastic spherical par-

ticles as:
B, 2.va (1-v)? atanh(2a)-2a -
6L_Mﬁ%(]+]—2v5727 a=g

2R’
fB 4, E & 37 (1-v)? 4a%+In(1-4a?)
Max =3MT2 | 32 12 B3 ’

where superscript B refers to Boltachev formulation. Comparing Eq.
(12) and Eq. (13), the present study relates the maximum tangential
displacement of the two formulations using correction factors x;
and x, as,

(13)

(1- V)2 atanh(Z &) —2a

B M _
S=rd, K =140 = ; (14)
and
ftr;,Mux = Kzf‘EM,Maxv K2
_ )2 4 +In(1 - 4a?
:1_3_71(1 V) ( ) (15)

32 1-2v e

Consequently, the tangential force-displacement relation based
on rod model presented by Boltachev formulation is approximated
by the modified Mindlin form,
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, , s 3/2
fo=sfimn|1- {15 ; (16)
o

or:

3,2
1)

fT:SKzf’XIMax 1<1K (5M> . (17)
10]

Parameters k; and k5, are correction coefficients which modify
the classical Mindlin formulation, proposed in the present study.
The slippage displacement limit 6}' defined in Eq. (12) for identical

summit radius (R =R/2)is,

2—-v
5y:ﬂm Wh. (18)

In Fig. 3, the tangential friction force in contact of two spherical
asperities determined using Eq. (17) is compared with Boltachev
formulation and classical Mindlin solution in non-dimensional
form. Parameters of the contact interface in this comparison are

a =02 and v = 0.25. Fig. 3 shows the modified Mindlin explicit
formulation closely follows the Boltachev implicit formulation pre-
dictions and exactly matches its maximum tangential friction force
and pre-slip limit. At the same time, classical Mindlin solution
underestimates the slippage limits of displacement and friction
force. The proposed modified Mindlin solution of the present study
may be analytically integrated over asperity contacts of two rough
interfaces using related distribution functions and predicts friction
forces as accurate as of the Boltachev implicit formulation.

The stick state force-displacement relation in of Eq. (17) is
defined using the relative tangential displacement of asperities .
It is noted that horizontal relative displacements of all asperities
are identical and equal to the horizontal relative displacement of
the rough upper surface u. When two asperities slip relative to
each other, the contact angle between them varies. However, dur-
ing the top surface movement, some contacting asperities are in
gross slip state while others are in the pre-slip state. In the high
amplitude of relative horizontal movement, the contact angles of
all contacting asperities are varied. But in low movement ampli-
tudes (u < R), when all the asperities are in the pre-slip state,

0.035¢ 1

0.030 1

0.025¢ ]

0.020F 1

ApER*Y

0015} ]

f‘

0.010p .

0.005F 1

0.000 / ]

0.00 0.05 0.10 0.15
6.(2pR)"

Fig. 3. Non-dimensional tangential force-displacement predictions; Modified
Mindlin model (long-dashed line), Classical Mindlin solution (short-dashed line),
Boltachev model prediction (solid line).

the variation of contact angles are assumed to be negligible (as
shown in Fig. 2, and they remain equal to the initial contact angle

P,
@ =0, (19)
Therefore, the relative tangential displacement of two asperities

in the stick state, expressed by 4, is obtained in terms of horizontal
displacement u as,

u=20Cosp. (20)
Substituting Egs. (7), (18), (20) in Eq. (17) results:
3/2
f. = s piakw?2Cos* 2 | 1 - (1 - %) . 21)
K1w Cos” @

Eq. (21) is the modified tangential friction force in the virgin
loading phase, employed to predict the friction forces in saturated
and unsaturated slip state (see Appendix A for more details).

In the following, variations of correction coefficient of slippage
displacement and friction force, are investigated vs. normalized
interference and contact area radius, in a wide range of Poisson
ratios. As shown in Figs. 4 and 5, the correction factors x; and
K>, change smoothly and continuously vs. the asperity height
deformation, and the contact area radius, in a wide range of Pois-
son’s ratios. In Figs. 4 and 5, the asperity deformation is normalized
by the asperity height standard deviation ¢, and the contact area
radius is normalized by the asperity radius. These two correction
coefficients are always larger than unity (x; > 1, kK, > 1) since
the Mindlin model contact force predictions are lower than the
Boltachev contact model estimates. These coefficients approach
unity, i.e. k; — 1, K, — 1, as the normal contact force and resul-
tant penetration depth decrease. The increase in the penetration
depth of asperities causes the values of these coefficients to grow
monolithically.

Due to the absence of singularities and abrupt changes in the
correction factors, Eq. (21) may be employed for all domains of
asperities heights in rough surfaces.

2.2. Friction coefficient model

The friction coefficient on the asperity scale p, is used in Sec-
tion 2.1 to define friction forces. This study employs a deformation
dependent friction coefficient to determine friction forces. In gen-
eral, the friction coefficient is composed of three components of
adhesion p,, plowing ,, and asperity deformation ft,. The plow-
ing and deformation coefficients of frictions are due to the lateral
contact of two asperities. The plowing part of the frictional force
is a result of the penetration of hard asperities and is ignored in
this study. Therefore, the total friction coefficient is assumed as:

= o+ g (22)

The adhesion friction coefficient is equal to the ratio of shear
strength S to the hardness H of the softer material in the contact
(Eriten et al., 2011),

ft, = S/H. (23)
The unites of both shear stress and hardness in Eq. (23) are Pas-

cal (Pa). The deformation friction coefficient of two contacted
spherical asperities is equal to (Halling, 1975):

Uy = 0.6\/¢/R. (24)

The ratio of asperity overlap to its radius in the initial contact
angle, shown in Fig. 2, is:

¢/R =2(1 — Cos). (25)
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(@)

(b)

Fig. 4. The correction factors as functions of normalized asperity penetration depth and Poisson’s ratio, a) displacement correction factor, b) friction force correction factor.

(@

Fig. 5. The correction factors as functions of the normalized radius of the contact area and Poisson’s ratio, a) displacement correction factor, b) friction force correction factor.

Consequently, the friction coefficient of Eq. (22) as a function of
the contact angle is defined as:

S . @
,u—ﬁ+1.251r17. (26)

The deformation friction coefficient due to lateral interaction of
contacted spherical asperities is investigated numerically by Shi
et al. (2016). The study shows the deformation friction coefficient
varies proportionally to the contact angle variations. The deforma-
tion friction coefficient reaches to 0.15 at a contact angle of 20-
degrees and by decreasing the contact angle to 15-degrees, p,
approaches to 0.1. The modified tangential solution of Eq. (21)
employs contact angle-dependent friction coefficient of Eq. (26)
to predict the friction forces.

The SRI models assume the mean value of the initial contact
angle ¢ in the contact of two rough surfaces, is small (Misra and
Huang, 2012), and the slopes of surfaces are less than 10-
degrees. The minimum value of the deformation friction coeffi-

cient, in this case, is assumed p, (gb ~ 10°) =1.2Sin(m/36) = 0.1

(Hutchings and Shipway, 2017) and not equal to zero as deducted
from Eq. (26). The resultant constant friction coefficient (CFC)
model is:

[=S/H+0.1. (27)

(b)

It is noted that the asperity scale friction coefficient of Eq. (27) is
always smaller than the macro slip friction coefficient of its corre-
sponding rough interface. This is because the macro slip friction
coefficient of a rough interface is obtained by considering the con-
tacting surfaces are at the sliding state.

3. Contact forces of two flat rough surface

Eriten et al. (2011) used the classical Mindlin solution and
developed a single rough surface (SRS) model based on the
multi-asperity contact theory. This section adopts Eriten et al.
(2011) strategy in establishing statistical contact force relations
of asperities but considers the contact interface as two-rough sur-
faces (TRS) and uses the developed modified Mindlin contact
force-displacement model. This study assumes the asperities are
spherical, having the same radius and a known height distribution,
as shown in Fig. 6. Underlying assumptions of the model are:

a) the deformation of the roughness remains in the elastic
range, and Hertz theory is valid for the deformation ranges,

b) the geometry of asperities does not change due to their elas-
tic deformations,

c) each asperity from a surface is contacted only with one
asperity of the other surface, and

d) inertial effects of asperities are neglected.
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Mean of Asperity Heights (upper surface)
7

G . D

Fig. 6. Contact of two rough surfaces (asperities with different heights but similar
radius).

The assumption of the rough elastic interface, assumption a), is
based on actual behavior in structures; after initial plastic defor-
mations, vibrations between contacting surfaces occur in an elastic
state. Therefore, to achieve accurate simulations of frictional rough
interface behavior in an oscillating motion, the rough surface
parameters are measured after the interfaces being exposed to
oscillatory loadings.

The height distributions of surfaces asperities are assumed to be
Gaussian. Standard deviations of the asperity heights at upper and
lower surfaces are denoted as ¢, and g, respectively. The Gaussian
probability density function of combined asperity heights, shown
in Fig. 7, is:

D(z) = 217w e @ o7 = a4 a?. (28)

The following develops total vertical and horizontal forces in
the contact of two flat rough surfaces. For this purpose, the asper-
ities states of stick and slip at different contact interface region are
obtained in two phases of virgin loading and oscillatory motion.
Extracted relations between two asperities are extended to contact
surface using the integration involving the Gaussian distribution
function of asperity heights.

In the contact of two flat rough surfaces, some asperities are in
contact and have positive penetration depth, i.e. w > 0, while the
rest experience no contact. The minimum height for asperities in

contact and with positive penetration depth, z, is obtained using
Eq. (4) as:

_ 2
Ze>Y+55- 29
e>Ytop (29)
Asperities with lower heights than z. experience no contact
with other asperities. The states of asperities in contact are differ-
ent depending on their height and loading phase. In the virgin
loading phase, as shown in Fig. 8, contacting asperities states are
categorized as:

T

Non-contacting Asperities

>z

S
ol
N

Fig. 8. Categories of asperities in virgin loading phase based on their heights
distribution.

Category A: sliding asperities,
Category B: stick state asperities.

Fig. 8 shows the range of both categories A and B. The boundary
between category A and B, displayed by z,, is determined by equat-
ing the stick and slip forces, f3* = fi, defined in Egs. (A.1) and

(A.4) of Appendix A leading to:
(;q (2,) iCoszqo) (2, —y- % (R,Sing — u)2> —u (30)

The variation of displacement correction factor x; as a function
of asperity height is small and monotonic; therefore, by employing

an average K; as:

- fi"‘“ K1®(z)dz

K] i — k] (31)
_[';C“‘“ D(2)dz
the boundary between stick and slip state is determined,
- 1 .= 2 u
Z1=y+=5(RSinp-u) +——-——. 32
1=y ZRs( ¢ ) K1 4Cos? @ (2)

When z > z; the two asperities are in stick, otherwise, they are
in the slip state. Mean value of the initial contact angle of a rough
interface ¢ is determined using the distribution of contact angles
between the upper and lower asperities for isotropic interface
(Misra, 2002),

- \CD(Z)

prob(z>Z.)

_A N N
R ’ lv/ N\ Mean of Asperity Heights 4

A \\
T F "ii*vjijf/—\i\' S
/ R

\

Fig. 7. Distribution of asperity heights of rough surfaces.
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‘I’((p)fasma(p<1+ﬁ(3C052tx(p+1)>, 0< o

~ 2mSing 4
T
<5 = s g < g
<oy a=1 1<p<2 (33)

The parameters o and B are coefficients that describe, respec-
tively, the extent and shape of the asperity contact orientations
in the distribution function V(). A large value of « (¢ — oo)repre-
sents a concentrated contact orientation, i.e., a zero mean value of
contact angles,E[¢p] = 0, (Misra and Huang, 2011).

The maximum initial contact angle is generally within the range
of ©/12 < ¢ < m/4 (Misra and Huang, 2012), and its mean value,

@, is defined as:

<7)=/0“<p\P<<p>d<p, 2> 2 (34)

By substitution Eq. (33) in Eq. (34), it is shown that for o > 6,
the mean of contact angle equals,

. 6-p
¢ =5 (35)

Fig. 9 shows vertical and horizontal forces, p, and q,, applied to
the upper asperity and the vertical force ensures the non-
separation of the asperity pairs. The vertical and horizontal forces
in terms of tangential friction and Hertzian normal contact forces
for all states of contact are:

{ Do =fnCosO +f, Sino
qq = —f, Sind + f .Cos6

, (r>0,1>0). (36)

The vertical and horizontal forces for each of the different con-
tact states, i.e., pre-slip and slip states, as well as various loading
phases, i.e., the virgin and the oscillatory loading phases, are pro-
vided in Appendix A. The horizontal and vertical forces due to

the interaction between all asperities in the virgin loading phase
are:

/20 ra .
Puw o) =nA [ [ R .20 0@ ¥g)dzdp
JO JZ ¢

"TL/200 £Z7 max X
wnn [ [ g 0.2, 0) 0@ ¥ (@)dzde. (37)
0 z7)

and

/20 4 .
Q1 v) = A / / @ (u, 0.2,0) ©(z) ¥ () dzdep
0 Z ¢

/20
+nA /
0
"Z m:

x / " g (1, 0,2, ) B(2) W () dzdp. (38)
z7

Parameters A and # are nominal contact area and areal asperity
density, respectively. It is noted in calculating the horizontal and

vertical forces zma. = 30 is selected as it includes 99.73% of all
asperities height.

Egs. (37) and (38) establish the vertical and horizontal forces of
the contact surface in virgin loading. Next, the contact forces in the
oscillatory loading phase are considered where contacting asperi-
ties, as shown in Fig. 10, fall into one of three categories,

I. Asperities that slip at both unloading and reloading phases,
1. Asperities that are in stick state at unloading and slip at
reloading, and also those that slip in unloading are in stick
state at reloading,
IIl. Asperities that are always in stick state in the unloading and
reloading.

As before, the boundary between asperity heights of category I

and II is shown by z;. The variable z; indicates the maximum
height of asperities that are always in slip state and is called upper
height in the slip region. The boundary between asperities of cate-

gory II and IIl is shown by z,. Similarly, the variable z;, indicates
the minimum height of asperities that are always in stick state
and is called lower height in stick region. Quantities of z;; and z,
are obtained from the solution of force equilibrium equations.
The lower stick boundary of asperity heights occurs when the
amplitude of tangential force of the pre-slip state of unsaturated
oscillatory loading phase (Eq. (A.3)) is equal to the tangential force
of gross slip state (Eq. (A.4)), i.e.:

fan|  =f" (39)

This results in the lower stick boundary of asperity heights as:

Zp =Y+ (Rsm(]) a)2+ u (40)
R = e - —_ .
> 2R, 7 k14 Cos? @

As shown in Fig. 10, for a situation where z > z, the contact of
two asperities is always in stick state. In other words, contact of
two spherical asperities is in category IIL

Also, the upper slip boundary of asperity heights is obtained
from the solution of the force equilibrium equation of Eqs. (A.2)
and (A.4) as (Jankowski et al., 2016),

Fi = (41)
Therefore the upper slip boundary is obtained as:

_ 1 - 2 (il —U)

Zn 7y+2—RS<RSSm(p—u> B (42)

2K14Cos? @

Fig. 9. Applied external forces on an asperity pair and the associated sliding motion.
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D(z)

4

Slip - Slip

%

Slip - Stick

Stick - Stick

« |__Non-contacting Asperities

Fig. 10. Asperity heights distribution in unloading and reloading phase divided into
three categories.

When z, < z < z1, contact of two single asperities is always in
slip situation, in other words, contact of two asperities falls into
category I. Because k is a function of the asperity height, an accu-

rate estimate of z;; and zj, is obtained when x; in Eq. (40) and Eq.
(42) is replaced by (Z“> or K (Z,2> as,
<K1 <2,1) J.Cos? (/)) (En ~¥ — 3% (RSing — u)z) =u-u,
(;q (E,z) ACosz(p) (2,2 Y- (RSSinq) - ﬂ)2> =u.

The resultant horizontal and vertical forces due to the interac-
tion of all asperities in oscillatory loading phase are:

(43)

Po(u, v) = nA [7/** j;(” PP (u, v,2,0) D(2) ¥(p) dzd
+A [ 22 piik(u, 0,2, 0) D(2) ¥() dzdep

A [ 2 piti(u, 0,2, @) D(2) W () dzdep
(44)

and
Qo(u, 0) = nA 37 [2 g5 (u,v,2,0) B(2) P () dzdp
A 3 [ g, 0,2, 0) D(2) W) dzd

A [ 2 gtk (u, 0,2, @) B(2) W (@) dzdp.
(45)

The proposed modified two rough interfaces (MTRI) model in
Eqgs. (37) and (38) and Egs. (44) and (45) is valid for pre-slip and
small gross slip region, i.e., for a low range of displacements, and
also predicts the lift-up phenomenon.

The developed MTRI formulation is demonstrated and validated
by performing numerical and experimental studies in the next
section.

4. Simulation and verification

This section employs the proposed model to simulate contact
forces and displacements of two flat rough surfaces under both
constant and variable vertical loads. First, a numerical case study
is presented to demonstrate the model capabilities in accounting
for coupling between horizontal and vertical loads in the contact
and its resultant lift up effects. The proposed model predictions
are also validated against two different experimental observations.

In the first experimental verification, the contact interface experi-
ences a constant vertical force, while in the second set of experi-
ments, the vertical contact force varies.

4.1. Numerical case study

The followings study demonstrate simulation results of the con-
tact forces between two flat rough surfaces shown in Fig. 6 in two
different modes of constant and variable vertical preload. Two flat
rough surfaces are made of aluminum alloy with the material
properties and surface characteristics specified in Table 1. It should
be noted that in the contact of two rough surfaces, the combined

rough surface parameters (o, R and n) are calculated by asperity
heights profiles (Eriten et al., 2011). The combined radius curva-

ture may be larger than R defined by Eq. (8). Therefore by consid-
ering this fact in the contact interface profiles, the parameter 7 is
defined as,

1
= 5.

2
The horizontal displacement excitation of the top surface, u, and

==

V= (46)

its vertical preload P are:

u=usinwt,
- (47)
P =Py(1 +esinmt).

The harmonic motion u applied on the upper flat surface and
resultant hysteresis curves are shown in Figs. 11 and 12,
respectively.

The resultant hysteresis curves in Fig. 12 (a) in the presence of
constant applied force, show that the overall behavior of obtained
curves is in agreement with expected behavior dissipated energy of
frictional interfaces. By increasing the amplitude of relative hori-

zontal motions u while keeping the vertical force constant, the fric-
tional curves changed from the unsaturated state (stick) into a

saturated state (slip) at the amplitude of u = 2.5 um.
As seen in Fig. 12 (a), the friction limit of the proposed model is
inclined downward very slightly in a constant normal force condi-

tion at u = 2.5um. This small reduction of slippage friction limit is
due to decreases of asperities contact angles during slip state; the
horizontal component of asperities restoring forces decreases, and
subsequently, the total friction force is decreased. This phe-
nomenon happens when the slippage displacement limit of rough
interface takes place at low horizontal amplitudes (u < R), and it is
predicted by the MTRS model, in the reduction of contacts of the
rough interface.

Fig. 12(b) shows the hysteresis curves under the variable verti-
cal load. In the virgin loading phase and at the end of the reloading
phase, when the normal force decreases, the distance of two con-
tacting surfaces increase, and the number of contacting asperities
decrease consequently. The reduction of the number of contacting
asperities leads to a reduction of horizontal friction force.

Table 1
Material properties and topography parameters of contacting interface.

Material and structure
properties (i = u,l)

Surface roughness parameters

Value Parameter Value Parameter
S5um ;i 70Gpa E;

75um, 0.5 Ri, v 0.3 Vi

100 mm~2 n 10cm? A

10, 1 o, B 0.3 S/H
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t (Sec)

Fig. 11. Harmonic motion u applied on the upper flat surface (w = 2.5Hz)
u = 1.0um(solid line), u = 1.5um(short-dashed line), u = 2.5 um(long-dashed
line).

The presented model also can simulate lift-up curves. The
results of experimental studies have shown that in the pre-slip
regime of two contact surfaces, the lift-up butterfly curves are pro-
duced (Al-Bender et al., 2012; Hintikka et al., 2016). The plots of
vertical displacement vs. the horizontal movement and the hori-
zontal force demonstrate the butterfly curves (Al-Bender et al.,
2012). Lift-up butterfly curves for the interface specified in Table 1,
are shown in Figs. 13 and 14 in constant and variable vertical force
condition, respectively. This is the first analytical model that sim-
ulates the displacement lift-up and friction lift-up phenomenon.
It should be noted that in a high variation of vertical force or cases
where interface separation occurs, the lift-up event is not visible
clearly, as their order of deformation magnitude is minimal com-
pared to the deformations under vertical loading.

When the modeling of the butterfly lift-up phenomenon is not
of prime interest, and the purpose of modeling is to extract friction
hysteresis curves, the MTRI model may be simplified. At this case,

Py=200 N, £=0

100F T

50 / /

&, friction(N)
o
™~ \
\
g

-50} / /

=100k

u (m)
()

the contact of asperities may be considered summit-to-summit, by
assigning,

¢~0, 0=0, 1,=0. (48)

Because the SRS model ignores the effect of oblique contact of
asperities, the accuracy of hysteresis friction force decreases. The
contribution of the deformation friction coefficient (u,) must be
included in the SRS model to prevent this deficiency. Thus, based
on the proposed MTRI model, a modified SRS model is presented
that is called modified single rough interfaces (MSRI) model. In
the MSRI model, it is assumed the mean value of the initial contact
angle ¢ in the contact of two rough surfaces, is small (Misra and
Huang, 2012), and the slopes of surfaces are less than 10-
degrees. Therefore the deformation friction coefficient is about
0.1 (Hutchings and Shipway, 2017),

i.e.uy (qb ~ 10“) = 1.2Sin(m/36) = 0.1, and the resultant constant

friction coefficient (CFC) of Eq. (27) is applied in the MSRI model.
The relation of friction forces of contacted asperities in the MSRI
model are:

) 3/2
qjick (u,z) = spKo Kw?/2 (1 - (1 —Kiﬁ) >

3/2
stk (u,z) = —s i, Kw3/2 (2 (1 —-L (S”J”)) - 1) ,

2 Kw

N\ 32 32
su+u
_2}<W( w )) _(1_$%> _1>’

q°P (11.2) = S KL KW,

ik (u,z) = —spic, Kw?/2 <2 (1

(49)

and total vertical and horizontal forces in the virgin and oscillatory
loading phases in MSRI model are:

P(v) =KnA [ w?2 ®(2) dz.
Qu(w) = nA( 2 (u,2) 0(z) dz + [2™ g1 (u,2) D(z) dz ).
Q,(u)= V/A(_[;C“ g (u,2) ®(z) dz+ f;l’lz gk (u,z) ©(z) dz

+ [Tt 0e) o). (50
)

The boundary limits of asperities contact state are also equal to:

Py=200 N , £=-0.3

3 50} /

&, friction (N}
.-
AY \ \
\
e
N

/ ]
-100 | —
L-—
R R— 0 1 2
u (pm)
(b)

Fig. 12. Hysteresis curves at u = 1.0um (solid line), u = 1.5um(short-dashed line), u = 2.5 um(long-dashed line), a) constant vertical force, b) variable vertical force.
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Fig. 13. Lift-up phenomenon predictions in constant vertical load, a) vertical displacement vs. horizontal displacement b) vertical displacement vs. horizontal friction force,

(u=1.5 pum).
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Fig. 14. Lift-up phenomenon predictions in variable vertical load, a) vertical displacement vs. horizontal displacement b) vertical displacement vs. horizontal friction force,
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(=15 pm).
- - u - u-u - u
Zc=Yy, Z1=Y+—, ZIn=Yy+—, Zp=y+—. (51)
Kw 2Ky Kw

Eq. (50) models both the pre-slip and gross slip region, and it is
valid for all domains of horizontal displacement. However, it can-
not model the butterfly lift-up phenomenon. As an example, the
hysteresis friction curves from the MSRI model and the MTRI mod-
els for the rough surfaces specified in Table 1 are shown in Fig. 15
(a). The friction hysteresis curves in Fig. 15(a) show that the sim-
pler MSRI model can be employed instead MTRI model with
acceptable accuracy in generating hysteresis curves. The MSRI
model predictions are also compared in Fig. 15(b) with the classical
Mindlin solution (Eriten et al., 2011), which employs a single rough
surface (SRS) model without considering the lateral contact effects
of asperities. As seen in Fig. 15(b), the proposed MSRI model results
in higher friction forces and slippage displacement limits due to
considering the effect of lateral contact of asperities in friction
coefficient and also including the effect of deformation of asperities

dictated by the rod model. It is clear from Fig. 15(b) that the intro-
duction of these effects in the present study significantly influ-
ences estimates of the frictional behavior of rough interfaces.
Further investigation on the contact model predictions is per-
formed by verifying asperities that are in stick state satisfy the cri-
terion ,u% > 1 (Aleshin and Van Den Abeele, 2013). For the
contact that its parameters are specified in Table 1, the values of
slippage displacement limits z > z, are obtained. Then the product

,u% is plotted vs. normalized horizontal displacement, for u/u; < 1

where, u; = x; Aw Cos?¢ is the maximum displacement of aspira-
tions in the stiction obtained from Eq. (30). As shown in Fig. 16, in
the state where the contacting asperities are in stiction (pre-slip),

i.e., u < u; and z; < z the criterion ,u% > 1 is satisfied.

4.2. Experimental case study 1: Constant vertical load

The proposed MTRI model predictions are validated experimen-
tally, and its predictions are compared with the results of empirical
experiments in vertical constant force condition reported by Eriten
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Fig. 15. Comparing hysteresis curves in the slide state, a) MSRI model (solid line) vs. MTRI model (dashed line) predictions, b)MSRI (solid line) vs. Eriten et al. (2011)

predictions, CFC model (dashed line).
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Fig. 16. The plot of u % vs. u < u; in stick state of contacting asperities (solid line).

et al. (2011). The schematic of the experimental setup is shown in
Fig. 17.

Mechanical and roughness properties of the contacting surfaces
are provided in Table 2. In the measurement of the rough surface
profile, if a surface is magnified repeatedly, increasing details of
roughness are observed right down to nanoscales. Also, the rough-
ness appears at all magnifications, in which the measured profile
consists of roughness on roughness as nanoscale asperities on
microscale asperities (Majumdar and Bhushan, 1991). Therefore
it requires deciding on what length scale of asperities are to be
defined as calculating rough surface parameters of the asperity
scale (Barber, 2013; Greenwood and Wu, 2001). The rough surface
parameters, used in the Greenwood multi asperity contact model
(o, R, 1), are not measured directly but are calculated using mea-
sured surface topography (McCool, 1986). The radius of asperity
summits (R) and other rough surface parameters (o, #) are an “in-
trinsic properties” of a surface. The values of rough surface param-

eters are related to machining types and processes (Benardos and
Vosniakos, 2003).

The asperity radius of R is calculated using a measured profile
by a portable contact profilometer (Eriten et al., 2011). Considering
the reported roughness data, the parameter, defined in Eq. (46), is
set to 3/4.

Information on Table 2 and various amplitudes of horizontal
displacement reported by Eriten et al. (2011) are employed to pre-
dict the observed hysteresis loop using the proposed model of the
present study. Comparisons between observed and experimental
behavior in both pre-slip and gross slip state are shown in Figs. 18
and 19. However, it should be reminded that in the MSRI model,
the friction coefficient in the proposed formulation is constant. In
these figures, the proposed model predictions are compared with
the resultant hysteresis curves obtained by BKE model. The BKE
model is due to Eriten et al. (2011) and employs classical Mindlin
theory and elastic-plastic penetration depth-dependent friction
coefficient of Brizmer et al. (2007), to obtain interacting forces at
the asperity scale. Through investigation of all penetration depth-
dependent friction coefficient models, the BKE model appears to
be the most successful in matching the experimental results
(Eriten et al., 2011).

Fig. 18, shows that the proposed model generates good predic-
tions in the gross slip mode. The test process, i.e., applied force and
deformations is controlled in quasi-static mode (Eriten, 2012),
which creates negligible inertia forces of contacting asperities
and dynamic behavior of rough interface, leading to conformity
between simulation and experimental results. Elastic deflection
of asperities is not considered in the proposed model. Therefore,
as seen in Fig. 18, the slop of experimental hysteresis curves in
the pre-slip region is less than the simulation results. In the test
setup, the vertical force of rough interface was provided using
bolts, and the assumption of uniformly vertical load distribution
is not established through the test. Focusing on the experimental
data in Fig. 18 (a), it is evident that in the slip region (|u| > 2um),
the friction force was slightly increased by the changes in the stiff-
ness of the bolted lap joint. Deviations from the mentioned
assumptions are the source of a slight mismatch between analyti-
cal and experiment data.

Fig. 19 shows the proposed friction model predictions are also
in good agreement with the test results at the pre-slip state under
constant vertical force condition.
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Signal
Conditioner

(a)

Table 2
Material properties and topography parameters of the contact surface (Eriten et al.,
2011).

Material and structure
properties (i =u,l)

Surface roughness parameters

Value Parameter Value Parameter
2.7um o 200Gpa E;
44.8um, 40.8um Ru, Ry 0.24 v;
30.1um R 10 x 17 mm? A

291 x 104 um=2 n 03 S/H

4.72 v

An important conclusion inferred from comparisons made in
Fig. 18, and Fig. 19, is that the lateral effect of contacting asperities
on friction coefficient, which is considered in the present study but
neglected by Eriten et al. (2011), plays a vital role in the contact
interactions and may not be ignored in multi asperity contact
models.

In the proposed elastic model, the Hertzian normal contact
force and constant friction coefficient are employed. The plastic
behavior of contacted asperities is not considered in the friction
and normal force model. However, the resultant curves in Figs. 18
and 19 show that the proposed model also simulates the frictional
behavior of rough interfaces in the low plastic region, as y = 4.72,
according to Table 2.

100

50
2
S
= 0
£
S
N

)
(%)
o

-100 |- €

(b)

Fig. 17. Constant preload experiments a) experimental setup b) contacting bodies (Eriten et al., 2011).

4.3. Experimental case study 2: variable vertical load

In the next case, the contact interface vertical force was not con-
stant where the experimental setup reported by (Rajaei and
Ahmadian, 2014) consists of a clamped-frictionally supported steel
beam. A suspended mass block at frictionally support provides the
desired value for preload, as shown in Fig. 20.

Roughness characteristics of the contact surfaces were obtained
from surface roughness measurements and are reported in Table 3.
The surface roughness parameters are calculated from the mea-
sured surface topography (McCool, 1986). According to Table 3,
the values of skewness and kurtosis parameters (Rg and Ry, ) show
that the probability density distribution function of asperity
heights is approximately symmetric and is consistent with the
Gaussian distribution function (Shi et al., 2019). The roughness
characteristics of the contact surfaces are obtained from surface
roughness measurements; the calculated radius of asperity sum-
mits is R =201 um. The selection of a length scale of asperities in
determining rough surface parameters is arbitrary (Fig. 21).

The test structure was excited near its first resonance frequency
using a single harmonic force (Rajaei and Ahmadian, 2014). The
single sinusoidal excitation was applied to the beam at different
amplitudes to generate acceleration with amplitudes of 1g, 3 g,
and 6 g at the direct point of excitation. At a high level of excita-
tion, micro-vibration impacts initiated in the frictional support
leading to variable vertical load in the contact interface.

In Fig. 22, the hysteresis curve at the acceleration response level
of 1 gand 3 g is calculated using the proposed model of the present
study and compared with the experimental results reported by

Py=331 N, £=0

150

100

(%))
o

&, friction(N)
o

u (um)
(b)

Fig. 18. Comparison of hysteresis behavior under different constant vertical loads in gross slip state (Eriten et al., 2011), Proposed model (solid line), Eriten et al. (2011)

proposed BKE model (dashed line), Experimental observations ().
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Accelerometer

i
pended Mass

Fig. 20. Schematic of the test setup.

Clamped end

Contact area

Table 3
Material properties and surface roughness parameters.

Material and structure
properties (i = u,l)

Measured surface topography by PS1
and calculated technical data

Value Parameter Value Parameter
17.5mm, 2.5mm L, Lg 200 Gpa E;

4pm, 5.9um Ra, Rq 0.3 v;

342, 0.14 R, Rk 035 S/H

52 /cm, 300um Rec, Rym 100 mm? A

Fig. 21. The test setup.

Rajaei and Ahmadian (2014). At these acceleration levels, the vari-
ation of the vertical force produced with 21 kg of mass blocks is
negligible. Therefore, the vertical force is considered almost con-
stant. As shown in Fig. 22, the presented model accurately predicts
the experimental results. Also, at an acceleration level of 6 g with 3
suspended mass with a total weight of 21 Kg, the proposed model
is examined. At this acceleration level, the variation of the vertical
force was up to 35% (Rajaei, 2013). As shown in Fig. 23, in this case,
the test result and calculated behavior are in good agreement. Also,
the comparison of test results with reduced vertical load for
another test setup (1 mass block of 7 Kg in 2 g acceleration level)
is shown in Fig. 23.

The proposed analytical contact model provides accurate pre-
dictions of the observed behavior of the contacting surfaces. The
model parameters are directly extracted from contacting surface
topography measurements, and there is no need for introducing
tuning or updating procedures in the model to match the test
results.

5. Conclusion

A two-flat rough interface contact model is developed consider-
ing coupling between normal and shear forces and the effects of
asperities lateral interactions during shear deformations. The clas-
sical Mindlin theory of tangential contact force between elastic
spherical asperities is modified by employing rod model instead
of Hertz theory, and the effects of contact angle of asperities and
deformation friction coefficient are considered in the proposed
model. A two-flat rough interface contact model was introduced
using the multi-asperity contact theory, and its predictions were
validated and verified against experimental observations to ensure
its predictability and accuracy. The comparisons show that the pro-
posed contact model predicts the frictional hysteresis behavior
accurately in both constant and variable interface normal preload
in pre-slip and gross slip modes. Also, it predicts the lift-up defor-
mations phenomenon caused by friction forces. The model predic-
tions signify the effect of lateral contact of asperities in tangential
friction hysteresis behavior, which cannot be ignored in the mod-
eling. Based on the proposed MTRI model, a simplified MSRI model
is also offered, which considers the side contact effects in the fric-
tional behavior.
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Fig. 22. Predicted hysteresis loop in constant vertical loads condition (solid line), test ().
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Fig. 23. Predicted hysteresis loop in variable vertical loads condition (solid line), test (®).
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Appendix A:. Modified Mindlin formulation of tangential
friction force

Tangential friction force in virgin loading phase in the pre-slip
state:

3/2
£ — s () kokw?2Cos*?p [1— [ 1 1 v .
K14 wCos” @
(A1)
Tangential friction force in oscillatory loading phase in the pre-
slip saturated state:
N\ 32
1 (s u+ u)

stick 3/2 3/2
= -5 1K, Kw?/*Cos 211 ———
f‘c‘ll ,Ll((p) 2 @ 2K1}. WCOSZ(p

(A2)

Tangential friction force in oscillatory loading phase in the pre-
slip unsaturated state:

£ = —sp(g) kaKw?2Cos™ o

N\ 32 - .
I G0 ) T RS T R
2ic1/. wCos’ 117 wCos @

(A3)
Tangential friction force in sliding state:
£ — 5 1(0) reaKw?/>Cos* 0. (A4)
where:
. -1 1 <0, unloading
=S = . A5
s = Sen(w) { 1 1> 0, reloading (A5)

« Horizontal and Vertical Forces:

Horizontal and vertical forces in the virgin loading phase in the
pre-slip state are:
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pick = f,Cosep + f31*Sing. 46)
gstick = —f, Sing + f*Cos .

Also, in the oscillatory loading phase, saturation state is defined
as:

pstick — f, Cosqp + f33Sing, (AT

gk = —fSing + £} Cos,

and in the oscillatory loading phase, the unsaturated state is
defined as:

tick stick o
piiit = fnCosep + frjy Sing.

snck stick (AS)
gt = —fSing + f7 ;y Cos .
Finally, the slip state is defined as:
slip _ Cosf) slipS~ 9
fnCoso +f ) in (A9)
S — _f,Sing + f3"Cosh ,
where
Sino| = [Sing 7%‘. (A10)
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