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This paper introduces a zero thickness interface model that considers hysteresis effects in
both normal and shear directions of a contact. The model is rate independent and represents coupling effects between normal and shear displacements. Contact effects are
included through a segment-to-segment contact model which considers stick, micro-slip,
slide and slap behaviors at every point within the contact interface. The model has six
parameters and three memory variables without the need for integration during response
computations. Behavior of the model is validated using the available mechanical joint
records in the literature and it is successfully employed for model identification and
dynamic response prediction of an internally resonating test structure with frictional
support.
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1. Introduction
Most engineering structures are composed of substructures attached together with mechanical joints such as bolts and
rivets. These joints have decisive effect on the assembled system stiffness and often are the main reason for damping and
nonlinear response. Consequently, much attention has been paid to modeling of the joints over the past decades [1]. The
joint models are essential for studying and prediction of the dynamic response of structures and reduce the need for further
experimentations in these studies. The success of these models depends on their ability to predict the relation between the
field deformations and the transferred forces properly.
The contact behavior depends on interacting surface properties, loadings and contact region deformations. This behavior
is studied from micro-scale [2,3] and macro-scale [1,4] observation points. In micro models, the contact is studied based on
asperities shape, size, distribution, mechanical properties, molecular dynamics and statistical parameters. The macro models
are not concerned with actual contact mechanics, but are parametric mathematical formulations that can be used for fitting
experimentally obtained friction behavior. These investigations are performed in three fields; the first is studying the
friction characteristics in contact interface considering variations of the tangential component while the normal force is
assumed constant (e.g. Iwan, Valanis and Bouc–Wen models [1]). The application of these models is limited to contacts with
simple geometry and negligible normal load fluctuation. In these models the coupling of normal motion and tangential
vibration at the interfaces is ignored leading to the symmetry of hysteresis loops. However, in experimental observations
asymmetric hysteresis loops are frequently seen [5]. The second field of study considers the behavior of interface in normal
n
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direction with no frictions in the contact (e.g. Hunt–Crossley and Lankarani–Nikravesh models [6]). The application of this
approach is limited to collision of multi-body systems or contacts with perfectly frictionless surfaces. The third field of study
focuses on developing a general contact model considering the interaction of normal and tangential vibration at the interface. Song and his colleagues [7] introduced an interface element that accounts for damping due to both vibro-impacts
and friction. They used a gap element with linear stiffness and damping in normal direction and Jenkins elements with
variable threshold force which is defined based on Coulomb's law in shear direction of contact. Menq and his co-workers [8]
used a gap element with linear stiffness in normal direction and a complex slip model in tangential direction to model the
contact. The shear stiffness of the model is independent of normal pressure and there is no damping considered in normal
direction. Willner [9] presented a general simulation approach for the elasto-plastic contact behavior of rough surfaces
based on a half-space model. In his model, normal and tangential stiffness of the contact as well as micro-slip effects depend
on contact pressure. A linear relation between slip and tangential force is adopted and the slip threshold displacement is
assumed constant; independent of contact normal force. Micro slip regime in the last three-mentioned studies is modeled
linearly, therefore to reproduce real behavior of the contact mesh size should be very small.
Moerlooze and his colleagues [2] modeled the contact between two surfaces as the contact of a reduced set of asperities
and an elastic non-dissipative counter profile. The local adhesion between the asperity tips and the counter profile, together
with the elastic–plastic behavior of the asperities themselves, form the basis for their model. This contribution offers a mean
to simulate verity of frictional behavior that is observed in experiments. To use this model, one must discretize the contact
with meshes close to the aperies size.
Most of the contact models are deterministic with design variables identified via experiments. Number of the design
variables and computational complexity beside the accuracy are other aspects of contact models. Recently, Ruderman and
Bertram [10] introduced Modified Maxwell-slip model (MMS) for pre-sliding friction behavior that require two parameters
to describe the smooth hysteresis of the pre-sliding friction. The present paper combines the solution of MMS model with
empirical relation reported by Etsion and his colleagues [11,12] to relate slip threshold force to normal pressure, leading to a
frictional contact model. The proposed contact model employs a Hertizian model with hysteresis properties in normal
direction of the contact that is coupled with the suggested friction model. The number of model parameters are reduced by
introducing a constant ratio between normal and tangential stiffness of the contact at the initiation of slip [13]. The proposed zero thickness contact model is rate independent with six design and three memory variables that model hysteresis
effects and couplings effects between normal and tangential directions of the contact.
The organization of this paper is as follows. In section two the contact model is introduced and its predictions are
validated in Section 3 against experimental observations reported in the literature. In section four, an experimental setup
with a frictional contact is presented and its equations of motion are developed with special focus on the contact region. The
contact region of the experimental setup is modeled using the proposed model of the current paper. The contact model
parameters are identified using the experimental recorded response and the resultant model predictions are validated in
section five. Finally, section six draws the conclusions.

2. Contact model
A conceptual reorientation of frictional contact is shown in Fig. 1. The current study ignores inertial effects of the asperities, and employs a simplified form of the Moerlooze and his colleagues [2] model to describe the contact behavior at
the asperities level.
During quasi-static loading, the external normal and tangential loads, FN and FT respectively, are related to contact loads
by

Fig. 1. The contact model introduced by Moerlooze et al. [2].
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Fig. 2. Hysteresis effects in normal loading; asperities deformation at each point on the load–displacement diagram is shown with the same label.

∫ P(x)dx,
FT = ∫ Q (x)dx,
FN =

(1)

where x is the spatial variable, P and Q are respectively contact pressure and shear stress, and the integral is defined over
the contact region. For convenience the variable x is dropped hereafter.

2.1. Contact motion in normal direction
At the beginning of normal loading as shown in Fig. 2(a), only the highest asperities engage to the counter profile and
plastic deformation occurs due to very high local stresses. Increasing the normal load causes more asperities to participate in
the contact formation and the local stresses are reduced (Fig. 2(b)). Through unloading, the contact pressure drops according
to maximum penetration depth (Fig. 2(c)). During loading phase asperities experience friction, permanent and elasto-plastic
deformation, but during unloading phase the contact behaves almost linear with elastic normal contact stiffness [14].
Therefore, the contact pressure during unloading compared with loading phase always has smaller values for the same
penetration depth (Fig. 2(c)).
If the contact is reloaded again (with no separation), the pressure rises according to unloading curve until it reaches the
loading curve (Fig. 2, loading path from c to b). Beyond this point, the pressure increases according to loading curve shown
in Fig. 2 (loading path from b to d) [14]. This behavior is almost rate independent [15,16].
The relation between pressure and normal displacement during loading phase is studied theoretically [17–19] and experimentally [20,21]. These studies confirm a power low function can be used to described the relationship,

Ploading = CPw n

(2)

where Cp and n are constant coefficient and w is the penetration depth. Inspired by MMS model, this paper proposes an
exponential decay for the normal pressure during unloading phase and relates the pressure in loading and unloading phases
as,

Punloading = Ploading exp( − kN (wMax(x) − w (x)))

(3)

where wMax is the maximum penetration depth and kN is a constant that controls the slop of curve during unloading phase.
Eq. (3) is valid through unloading phase until the two surfaces are separated or the penetration depth is increased beyond
wMax .
Based on the reported results by Goerke and Willner [14] for cyclic loading, during reloading phase after separation of
contact, the pressure can be described by loading phase again (Eq. (2)). Using a state variable, ∆N , (Eqs. (2) and 3) are
combined to define the loading/unloading phases as,
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Fig. 3. Effects of CP , n and kN on normal hysteresis loops for the set of trial values given in Table 1.

Fig. 4. Hysteresis effects during tangential loading; asperities deformation at each point on the diagram is shown with the same label.

⎧
1
0<w
Loading
⎪
P = CPw ΔN , ΔN = ⎨ exp( − kN (wMax − w )) 0 < w ≤ wMax Unloading
⎪
0
0≥w
Separation
⎩
n

(4)

The memory variable wMax is set to zero after each separations. Eq. (4) is valid when there is no slip in the contact. The
effect of each parameter in the model behavior is studied as follows.
Eq. (4) describes the relation between normal pressure and normal displacement by three parameters i.e. CP , n and kN .
Each of these parameters has a key to produce normal loading hysteresis loops; CP is a gain factor that scales the loops, n has
decisive effects on loading and unloading curves, and kN controls the slop of unloading curves. Effect of these parameters on
the hysteresis loop is depicted in Fig. 3 for a set of trial values. The slope of the hysteresis loop at w = wMax is

∂P
∂w

w = wMax

⎧
⎪
nCPw n −1
Loading
,
=⎨
⎪
n −1
+ kNP Unloading
⎩ nCPw

(5)

At this point the slope of unloading curve is increased by kN P compared to the slope of loading curve.
2.2. The Tangential direction
During quasi-static tangential displacement of the contact, engaged asperities to counter profile are deformed elastoplastically. Some of the asperities start to engage counter profile and some of them break the junction with it as shown in
Fig. 4. Increasing the contact tangential displacement u, the asperities formation of junction and the breaking with the
counter profile reaches a steady state condition and the friction force becomes constant. These two are known as pre-sliding
and sliding regimes. The pre-sliding regime is almost rate independent but the sliding phase is not; Stribeck and friction lag
effects [22] are observed during this regime. These effects may be ignored for small relative speeds u̇.
Ruderman and Bertman [10] suggested MMS model for relating friction force to the contact tangential displacement. This
model is rate independent and describes by a first-order nonlinear differential equation,

̇ T exp − kT u − u0 ,
Q̇ = sgn(u̇)Q Max − Q 0 uk

(

)

(6)

Please cite this article as: H. Ahmadian, M. Mohammadali, A distributed mechanical joint contact model with slip/slap
coupling effects, Mech. Syst. Signal Process. (2016), http://dx.doi.org/10.1016/j.ymssp.2016.04.018i

H. Ahmadian, M. Mohammadali / Mechanical Systems and Signal Processing ∎ (∎∎∎∎) ∎∎∎–∎∎∎

5

where Q is the friction force, Q Max is a sliding force, kT is a controlling parameter of the overall hysteresis behavior, and Q 0
and u0 are memory variables that respectively memorize friction force and tangential displacement when motion reversal
occurs. In the MMS model Q Max and kT are constants and determine the overall hysteresis behavior.
In order to improve the model, this paper defines friction force of MMS model as,

Q = Q MaxΔT

(7)

where ∆T is a state variable preserving the hysteresis behavior varying between  1 and 1.
The nonlinear ODE of the MMS model is solved here in a closed form. Substituting Q =Q MaxΔT , Q 0 = Q MaxΔT0 and
u−u0 = sgn(u̇)(u−u0) in Eq. (6) it is found,
.
. d
.
∆T = |Ω|sgn(u) ⎡⎣−exp(−kT sgn(u)(u − u0))⎤⎦,
dt

(8a)

ΔT = Ω sgn(u)(1−exp( − kT sgn(u)(u − u0))) + ΔT0

(8b)

where Ω=sgn(u) − ΔT0 , and ΔT0 is a memory variable that memorizes the value of the tangential state variable when motion
reversal occurs. If contact is separated and joined again then u0 and ΔT0 are set to u and 0, respectively. The sliding occurs
when ΔT ≥0.99.
The proposed empirical relation by Etsion et al. [11,12] is employed to relate the sliding force to normal pressure of the
contact as,

Q Max = CQ P m

(9)

where CQ and m are constant variables. Also during loading phase in normal direction, it is shown that the ratio between

Fig. 5. Influence of CQ , m and Ck on tangential hysteresis loops for the set of trial values given in Table 1 when P ¼2.
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tangential stiffness and normal stiffness of the contacts is constant [13]. Using this fact one may obtain,

Ck =

dQ /du
= kT CQ w n(m −1)+1CP m −1n−1
dPloading /dw

(10)

where Ck is a constant. Solution of Eq. (10) for kT leads to

kT =

nCkCP1 − m
CQ w1 − n(1 − m)

(11)

The presiding displacement is inversely proportional to kT . Furthermore, by increasing the penetration depth, the presiding displacement increases. Therefore, the power of penetration depth in Eq. (11) is always negative (i.e. n(1 − m)<1).
Incorporating Eqs. (8, 9) and (11) into Eq. (7), the friction force is defined as,

Q = CQ P mΔT , ΔT = Ω sgn(u)(1 − exp(

nCkCP1 − m
CQ w1 − n(1 − m)

sgn(u)(u0 − u))) + ΔT0

(12)

The friction and normal forces in the contact have coupling effects; Eq. (12) defines only a part of this effect, namely the
effect of normal force on the frictional force.
One may observe the role of each parameter in tangential motion using the following study. Eq. (12) describes the
relation between tangential stress and displacement by three parameters (i.e. CQ , m and Ck ); CQ acts like the friction coefficient and scales the hysteresis loops in tangential direction, but the slope of the hysteresis loop at initiation of slip and
when motion reversal occurs (i.e. u = u0 ) is independent of CQ (see Eq. (13)). The other parameter m is always close to one
and has an important role in relating the sliding force to normal pressure. The slope of the hysteresis loop in the tangential
direction in pre-sliding regime mainly control by Ck ,

nC C 1 − m
nCkCP1 − m
∂Q
= Ω P m 1 −k nP(1 − m) exp(
sgn(u)(u0 − u))
∂u
w
CQ w1 − n(1 − m)

(13)

Fig. 6. A simplified lift-up model; asperities deformation at each point on the diagram is shown with the same label.
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Fig. 5 shows the impact of these parameters on the hysteresis loops for a set of trial values.

2.3. Effect of tangential motion on normal forces
Few studies consider the effect of tangential displacement on normal field parameters especially under cyclic loading;
most available contact models ignore this coupling. Among the few, Al-Bender and his coworkers [23] reported lift-up effect.
They performed dry, pre-sliding rubbing experiments that show regular, relative normal displacement associated with the
tangential motion. It is believed there is another phenomenon that can cause lift-up effect during cyclic loading in normal
and tangential directions.
Considering the loading sequence depicted in Fig. 6 the contact is loaded to reach penetration depth of w0 (Fig. 6(a)) and
with more loading to penetrate depth of wMax (Fig. 6(b)). Then the normal load is decreased to reach the penetration depth
of w0 again through unloading curve (Fig. 6(c)). Finally, both conditions (a) and (c) are loaded tangentially until sliding
occurs as they labeled with (d) and (e) respectively. Comparing condition (c) with (a), some of asperities are disengaged
from counter profile due to the plastic and elasto-plastic deformations [16]. In condition (c) for the constant penetration
depth of w0 , when tangential displacement occurs, it is expected that some of disengaged asperities engage to counter
profile again and climb up of its hills. Consequently, the contact pressure at this instant starts to increase until sliding occurs
(i.e. ∆T ≥0.99), while all engaged asperities experience the same condition of (d) the contact pressure reaches the value of
loading phase.
Suggesting a linear relation between transmission from no-slip to sliding and moving from unloading to loading curve,
one may define a modified pressure state variable for coupling effect of normal and tangential motion in the following form,

Fig. 7. (a) A rod resting of frictional surface (b) external load hysteresis loop (c) hysteresis loop at point A (d) hysteresis loop at point B.
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Table 1
Trial values selected for design variables.
Proposed model

CP

Ck

CQ

n

m

kN

4
kv
4

0.7
k u = Ck × CP
2.8

0.26
μ

1
N/A

1

0

Menq model

n

P = CPw ΔP ,

ΔP = ΔN + (1 − ΔN )|ΔT | ,

0.26

⎧
1
0<w
Loading
⎪
⎨
ΔN = exp(−kN (wMax − w )) 0 < w ≤ wMax Unloading
⎪
0
0≥w
Separation
⎩

(14)

∆P varies between 0 to 1. When sliding occurs, memory of loading history in normal direction is refreshed by letting,

wMax = w

∆T ≥0. 99.

(15)

The replacement causes 1% jump in ∆P at most which is negligible. One should note the state variable ∆N models hysteresis effects due to pure normal motions, but ∆P considers both normal and tangential motion effects.

3. The contact model performance validation
The proposed contact model has six design variables (i.e. n,m, kN , CP , CQ and Ck ) and the contact deformations are related
to the contact loads using three memory variables (i.e. wMax , u0 and ΔT0 ) as described in (Eqs. (12) and 14). One may ignore
some effects in the contact by setting the values of the related parameter appropriately. As an example one may reduce the
number of model design variables to three by ignoring the energy dissipation due to the contact normal motion (kN =0) and
considering linear relations in (Eqs. (2) and 9) (i.e. n = m=1). These considerations simplify the proposed model and bring it
close to the contact model suggested by Menq and his colleagues [8] with some superior properties. The rod resting on a
frictional surface shown in Fig. 7 is selected as a case study and the contact interface is modeled both by the Menq model
and simplified form of the proposed contact model (i.e. n = m = 1 and kN =0). Equation of motion for the rod is,

∂ 2u
∂ 2u
− 2 + Q = F cos(ωt )δ(x − L ) − βuδ(x)
2
∂t
∂x

(16)

where ω = 1, t , Q , F = 0.2, β = 0.01 and δ are non-dimensional excitation frequency, time, friction force, external force
amplitude, lumped stiffness and Dirac delta function, respectively. Table 1 shows selected trial values for the contact models,
where k v , k u and μ are normal stiffness, tangential stiffness and friction coefficient in Menq Model.
The preload distribution is considered time invariant and in the form of n(x ) = sin(x ) during tangential loading. The
response of the system is calculated using harmonic balance method in conjunction with modal expansion technique. As
shown in Fig. 7(b) the predicted displacements of both models are very close.

Fig. 8. Tangential hysteresis curve for the selected trial values of Table 1 u=2sin(t + 5π /8) and w =3 + 2. 5sin(t ) .
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Fig. 9. Hysteresis loop in normal direction (a) spark-eroded and (b,c) sand-blasted aluminum specimens which the parameters are identified using the
largest loop and small loops are regenerated by the identified parameters [14] (d) impact force [24] (e,f) effect of cyclic loading, the model fitted on each
cycle individually [25].

The advantages of the proposed model compared to Menq's model are as follows. The sliding forces in both models are
equal for the same normal load (Fig. 7(c)), but Menq's model does not consider energy dissipation until it reaches the sliding
condition. This is in contrast with experimental observations (known as micro-slip mechanism) while the proposed model
produces more realistic damping mechanism compared to the Menq's model as seen in (Fig. 7(d)). Another reason for
justifying the superiority of the proposed model is its capability in generating internal loops in the presence of normal load
variation observed in experimental measurements [5]. This capability is shown in Fig. 8 while the other model cannot
predict such an effect.
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Fig. 10. Evaluation of kT as function of normal load provided in [26] (a) steel on PET (b) PET on PET (c) brass on steel (d) Al-Bender and Moerlooze
theoretical model.

To demonstrate further capabilities of the proposed model, its predictions are validated against available experimental
records in the literature. Willner and Goerke [14] studied loading curve of contacts under quasi static compression. The
asperities deformation of aluminum test specimens are almost plastic in their study. Zhang and Sharf [24] recorded the

Fig. 11. Lift up effect predicted by the proposed model (constant normal load).
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Fig. 12. The experimental test setup and dimensions.

impact force of a sphere to a flat surface within a range of impact velocities. The effect of asperity flattening during dynamic
loadings is investigated by Li and his colleagues [25]. The behaviour of proposed model in normal direction is fitted by least
square technique to experimental records of the mentioned three studies and the outcomes are demonstrated in Fig. 9.
As seen in Fig. 9, the proposed model is fitted to the hysteresis curve of the contacts in normal direction for both almost
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plastic and nearly elastic load-displacement curves. In addition, the model successfully predicts the inner loops shown in
Fig. 9(a)–(c).
Moerlooze and Al-Bender [26] experimentally investigated the relation between the normal load and the friction force
during the pre-sliding regime up to the point of sliding. They used a simple form of Eq. (12) (by selecting sgn(u̇)=1 and ΔT0=0)
to fit the experimental records of friction force versus tangential displacement under various normal loadings. The identified
value
of kT in their study is employed here to examine the validity of Eq. (11) and the outcomes are shown in Fig. 10. The
parameters of Eq. (11) are identified by minimizing the difference between model predictions and measured values using
least squares technique. As explained in previous section, the proposed model also shows the lift up effect during the presliding shown in Fig. 11.

4. Implementation of the model in a continuous media
The contact model developed in Section 2 is used here to model a beam with frictional contact interface support. The
interface region has a considerable area compared to the beam size and is modeled as a continuous media. The parameters
of contact interface namely n, m, CP , CQ , Ck and kN are selected as design variables and their values are obtained by minimizing the difference between the experimental observations and the model predictions.

4.1. The experimental observations
The aluminum beam shown in Fig. 12, resting on a steel frictional support at one end and free on the other side, is
employed as another experimental case study. A constant normal preload at the
support is provided by suspended mass blocks. The dynamic response of the system becomes nonlinear when the motion
amplitude is large enough to cause slip and vibro-impacts at the support. The system is excited at point E via an electromagnetic shaker and the response is recorded at point 7 shown in Fig. 12. A laser Doppler vibro-meter is employed to record
velocities of the beam at points 1 to 7. The response of the system changes slightly due to perturbation in installation and
initial conditions. To overcome these problems, the system is first excited by largest excitation level then the level is decreased in order to reach minimum level, unceasingly. Knowing the softening nature of the contact, the frequency responses
(FRs) are achieved by sweeping excitation frequency downward from 40 Hz. The resolution of FRs is increased around the
natural frequencies in three steps. To ensure removal of all unwanted initial condition the excitation is started from 40 Hz in
all refinement steps. At each frequency steady-state responses is recorded and resonances are found by accuracy of 0.01 Hz.
At resonance frequencies, a single harmonic force is applied to the beam by using a shaker controller to guarantee that all
observed nonlinear responses are due to structure not the shaker effects.
The frequency responses of the system at nine excitation levels are measured. The excitation frequencies and amplitudes
are reported in Table 2 and the resultant frequency responses are shown in Fig. 13.

4.2. Continuous model of beam with frictional support
The equations of motion of the beam with the displacement field q = {u(x ) , ϕ(x ) , w (x )}T , representing axial, rotational and
lateral of beam motions, in a non-dimensional form are:

(I + δ(x − LE )M)q¨ + (1 − ιh)Kq + fnl = fE δ(x − LE ) + fE , Lq = 0
0

x = 0, L.

(17)

The mass distribution of the beam in normalized form is an identity matrix, I , M introduces the mass effects of the force
transducer, the operator L enforces the boundary conditions, ι= −1 is unit imaginary and h is the beam material hysteretic
damping coefficient. The stiffness and boundary condition operators of the system are:

Table 2
Resonance data extracted from experimental measurements
Load case #

1

2

3

4

5

6

7

8

9

Resonance frequency (Hz)
Force amplitude (mN)

42.48
121

42.41
170

42.38
198

42.32
217

42.24
246

42.11
278

42.01
318

41.80
364

41.69
384
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Fig. 13. Measured frequency responses at different excitation levels, ◇ measured frequencies.

⎡ ∂2
⎤
⎢−
0
0 ⎥
2
⎢ ∂x
⎥
⎢
⎥
2
∂
∂
K=⎢ 0
− 2 + κ +κ ⎥,
∂x ⎥
⎢
∂x
⎢
⎥
∂
∂2
⎢ 0
−κ
−κ 2 ⎥
⎢⎣
∂x
∂x ⎥⎦

⎡ ∂
⎤
0
0 ⎥
⎢
⎢ ∂x
⎥
∂
L=⎢⎢ 0
0 ⎥⎥,
∂x
⎢
⎥
⎢ 0 κ κ∂ ⎥
⎣
∂x ⎦

(18)

where κ=0.331 is the shear correction factor of the beam cross section. The nonlinear restoring forces are:

fnl = {Q ,3Q , P}T (H (x) − H (x − Lc )),

(19)

where H (x ) is Heaviside function, Q and P are the contact tangential and normal loads defined in (Eqs. (12) and 14). The
external forces are defined as:

fE = {0, 0, FE cos(ωt )}T ,
fE = {0, 0, F0}T (H (x) − H (x − Lc )),

(20)

0

where FE is the excitation force amplitude and F0 is the constant preload at the contact interface region.
The steady state solution of Eq. (17) with the period of T =2π /ω is expanded using m harmonic terms,
m

∑ (ψj cos(jωt ) + φj sin(jωt )),

q=

χj = ψj + ιφj ,

fXj = (1 + sgn(j ))

j=0

ω
2π

∫0

2π / ω

fX eιjωt dt

X = nl, E
(21a)

leading to,

( − (jω)2(I + δ(x − LE )M) + (1 − ιh)K)χj + fnlj = fEj δ(x − LE )
Kχ 0 + fnl0 = fE0
x = 0, L

L jχj = 0

j = 1, 2, …, m,

j = 0,
(21b)

The deformation field is partitioned into two regions with subscripts α and β , which stand for master and slave regions,
respectively. The master region experience nonlinear restoring forces, and linear restoring forces drive the slave region,

⎧
≠0
⎪ fnl
fnl = ⎨ α
⎪
0
⎩

xα ∈ x < Lc
xβ ∈ x > Lc

(22)

The problem is now reduced using the authors suggested method [27] for dynamic problems with local nonlinearities to
the master region. Consequently, Eq. (21b) can be divided into respected master and slave regions (see Fig. 12) as,

( − (jω)2I + (1 − ιh)K)χ β = (fE j + (jω)2Mχ β )δ(x − LE ) x ∈ xβ
j

L jχ β = 0

β

j

x=L

j

fIj = Djχ β

j

x = Lc

(23)

and
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( − (jω)2I + (1 − ιh)K)χ α + fnl

αj

j

= fE

x ∈ xα

αj

x=0

L jχ α = 0
j

fIj = Djχ α

x = Lc

j

⎧
j=0
⎪ f
E0
fE j = ⎨
⎪
α
j>0
⎩0

(24)

where D = − L is the differential operator transforming deformation field χj to internal force fI . Employing the spectral
j

element method (derails are provided in Appendix A) Eq. (23) is rearranged in the following matrix form:

⎧
⎫ ⎡
−fI
0 ⎤ ⎧ χ jx = L c ⎫
Κ LcLE
jx = L
⎪
⎪ ⎢ Κ LcLc
c
⎥⎪
⎪
⎪
⎪
⎪
⎪
2
⎨ f + ω Mχ
⎬ = ⎢ Κ LELc Κ LELE + Κ LELE Κ LEL ⎥ ⎨ χ jx = L ⎬
E
j
E
j
x
L
β
=
⎢
⎥⎪
⎪
⎪
E⎪
j
ΚLLE
ΚLL ⎥⎦ ⎪
⎪
⎪ ⎢⎣ 0
⎩ χ jx = L ⎪
⎭
⎩
⎭
j
0

(25)

The size of the matrix Eq. (25) is reduced by eliminating its second and third rows leading to,

fIj

x=L c

= KMjχ j

x=L c

+ fET j ,

(26a)

β

where

fET j = Aj fE j , KMj = − (Aj 1Κ LELc + 1Κ LcLc), Aj = 1Κ LcLE( 2Κ LEL 2ΚLL−1 2ΚLLE + ωj2M − 1Κ LELE − 2Κ LELE)−1.
β

β

(26a′)

Substituting Eq. (26) in Eq. (24) leads to the condensed form of the beam motion equations

( − (jω)2I + (1 − ιh)K)χ α + fnl
j

αj

= fE j − fET j δ(x − Lc ) x ∈ xα L jχ α = 0
α

j

β

x = 0(Dj − KMj)χ α = 0
j

x = Lc

(27)

Subsequently, in order to find an appropriate orthogonal basis for χα , KM j and L j are evaluated at the frequency (jω) then,
j

2

( − λ jk I + (1 − ιh)K)ϕjk = 0
L jϕjk = 0

x = 0,

(D − KMj)ϕjk = 0

x = Lc ,

x ∈ xα ,

(28)

is the eigenvalue problem of the linearized condensed system, and ϕjk is the kth mass normalized eigen-function vector and

λjk is its companion eigenvalue. In the case of j = 0, KM j is a zero matrix and h is set to zero for achieving real mode shapes.
Finally, χα is approximated by few mode shapes of the condensed system in the form of,
j

χ α ≅ Φj(ηc + ιηs ),
j

j

(29)

j

where ηc and ηs are unknown real vectors (ηs = 0) and Φj is the modal matrix in which mode shapes, ϕjk , are arranged in
j

0

j

column fashion. Substituting Eq. (29) in Eq. (27) and using the Galerkin method, the equations of motion are rewritten in the
algebraic form of,

Θj(ηc + ιηs ) + fnl j , Φj + Φ jx = L T f ET j = 0
j

j

c

α

j > 0 Ω 02ηc + fnl 0 , Φ0 − fE , Φ0 = 0
0

β

0

α

Θj = ( − ωj2M − ιωjC + K)Φj , Φj = ( − ωj2I + (1 − ιh)Ω2j ) a, b =

∫0

Lc

bT adx,

j=0
(30)

where Ωj is a diagonal matrix that eigenvalues of Eq. (28), λjk , are arranged in it with respect to Φj . Solution of Eq. (30) results
ηc and ηs and defines the beam motion response.
j

j

4.3. The contact model parameter identification
The input force and the response of system are measured in the experimental part of the work. A force residual minimization strategy is selected to identify the restoring forces in the contact by inserting the measured quantities into Eq. (30)
and identifying the nonlinear contact forces. A side constraint is introduced to the force residual objective function by
requiring minimum deviation between measured and predicted responses as,

∑
j

Θj(ηc + ιηs ) +
j

j

fnl , Φj
αj

+ Φ jx = L T fET
c

βj

+ γ wtest − wmodel .

(31)
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Table 3
Identified parameters of the contact model.
Parameter

n

m

CP

CQ

kN

Ck

Identified values

1.01

1.16

27.6×10−4

0.14

54.5

0.42

The L-Curve method is employed to find the regularization parameter γ where the details are presented in Ref. [27]. The
vector wtest contains measured responses at the points 1 to 7 of the beam and wmodel is the corresponding vector from the
analytical model.
In this practice the parameters of the proposed contact model (n, m, CP , CQ , Ck and kN ) are identified by minimizing the
norm wtest − wmodel for the load cases 1 and 6 simultaneously. wmodel is calculated by direct solution of Eq. (30). The identified
contact parameters are then employed to predict to responses at points 1 to 7 for other load cases (i.e. 2 to 5 and 7 to 9).
In identification procedure analytical model predictions are obtained by expanding the response up to the 6th harmonic
(j¼6). This is due to observed harmonics in measurements and minimizing numerical burden; it was observed expansion of
response using 9 harmonics does not change the results.
In order to evaluate the integrals of Eq. (30) numerically, 19 and 101 Gaussian Quadrature points are employed for
contact region (0 < x<Lc ) and time domain (0 < t < T ) respectively. Using the Gaussian Quadrature method improved the

Fig. 14. Measured and simulated time response of experimental case study at the resonance frequencies.
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Fig. 15. Hysteresis loops along the contact at selected points.

computation speed with desired accuracy compared with other numerical integration methods.
Powell's method is selected to perform the optimization procedure with a number of initial guesses to ensure the uniqueness of the identified parameters. The identified contact parameters are shown in Table 3.
The identified value for n shows a linear relation between penetration depth and normal load, which is obvious in many
contact models [8,28]. Etsion and his colleagues [11,12] reported m (see Eq. (9)) is always less than one but in this study it
found 1.16. Refs. [11,12] are considering contact between a rough surface against a rigid surface under static loading condition. In the present study two rough surfaces of different materials (steel and aluminum) in contact under dynamic
loading are considered. These differences contribute to the mentioned inconsistency (Table 3).
Finally, the ratio between tangential and normal stiffness is found Ck = 0.42 that correlates with Baltazar et al. [29]
measurements. The model responses are calculated using the identified contact model parameters and the outcomes are
depicted in Fig. 14.
The predicted response for the fundamental harmonics correlate well with measured results both in magnitude and
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phase; the highest discrepancy is observed in load case 4. The internal resonance is also predicted by the model. This
phenomenon occurred between 1st and 6th harmonics from load case 6 onward where the excitation force was significant.
The predicted magnitude and phase of 6th harmonics are in agreement with measured data for load cases 6 and 7 but the
contact model behaves stiffer than the test structure for the load cases 8 and 9. In these two load cases the amplitude of
measured responses are greater than the predicted ones.
Fig. 15 shows the hysteresis loops of the model for the load cases 2 and 6 at selected points along the contact, named A, B,
C and D. For the load case 2, separation only occurs at the right side of the contact at the points C and D. Increasing the
excitation amplitude in the load case 6, all the points along the contact experience separation during each cycle. Furthermore, increasing the excitation force level causes the vibration amplitudes grow in normal direction towards separation
direction which produces the softening behavior of the contact. Also, maximum tangential displacement occurs during the
separation for the selected points. The two side of the contact move with a π phase difference both in normal and tangential
direction. The right side of the contact has maximum displacements and the left side almost stick despite movement in
normal direction.
The model predictions correlate well with the observed experimental results. These show the identified values are insensitive to the measurement disturbances and may be adopted as good estimates of the parameters in mean value sense.
However due to unavoidable uncertainties in the measurements and modeling, one may look for variance bounds of each
parameter as well.

5. Conclusions
A new contact interface model considering friction and normal load variations is presented. The coupling effect between
normal and tangential deformations are considered in the model which makes it capable of predicting phenomenon such as
lift up in the contact interface. The model needs no integration computations and its implementation has minimum
computational complexity while its predictions of the contact behavior in normal and tangential directions correlate well
with several experimental case studies available in the literature. A separate experimental case study was also conducted to
identify the coupling effects between shear and normal deformations. In conjunction with a reduction technique, six design
variables of the proposed model are successfully identified from the experimental observations and are employed to predict
the restoring force and deformations in the contact region. The identified parameters and the produced model predictions
are in good agreement with experimental studies indicating the physics of frictional contact interface is well represented by
the model.

Appendix A
The equation of motion for the beam section q shown in Fig. 16 that vibrates at frequency of ω is (see Eq. (19))

( − ω2I+(1−ιh)K)χ = 0

(A-1)

A free wave that moves in this beam is in the form

χ = { a u aϕ a w }T eιkx

(A-2)

where k is the wave number and { au aϕ a w }T is wave polarization vector. Substituting Eq. (A-2) in Eq. (A-1) leads to

⎡f
0
0 ⎤⎧ a ⎫ ⎧ ⎫
⎢ u
⎥⎪ u ⎪ ⎪ 0⎪
⎢0
fϕ fϕw ⎥⎨ aϕ ⎬ = ⎨ 0⎬ ,
⎢
⎥⎪ ⎪ ⎪ ⎪
⎢⎣ 0 −fϕw fw ⎥⎦⎩ a w ⎭ ⎩ 0⎭

(A-3)

where

fu =−ω2 + (1−ιh)k 2,
fϕ =−ω2 + (1−ιh)k 2 + κ (1−ιh),

fϕw = κ (1−ιh)ιk,

Fig. 16. A beam section vibrating at ω frequency under two periodic external loads.
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fw =−ω2 + κ (1−ιh)k 2.
Solving the eigenvalue problem of Eq. (A-3) results six wave numbers and its companion wave polarization vectors. This
T
means there are six free waves moving along the beam (wi = { au aϕ a w }i eιkix , i=1, 2, ⋯ , 6). Therefore, general form of χ in
Eq. (A-1) using the free waves is written in the form

χ = Wa ,

(A-4)

where in W each free waves, wi , are arranged in column fashion and a is the wave amplitude vector. The internal forces are
equal to

fI = Dχ = DWa

(A-5)

where D=−L (defined in Eq. (16)) is the differential operator transforming deformation field χ to internal forces. Using Eqs.
(A-4) and (A-5) one can eliminate the wave amplitude and write

⎧
⎫ ⎡ q Κ aa
⎪ f
⎪
⎨ Ex = a ⎬ = ⎢
⎪
⎪
⎩ fEx = b ⎭ ⎣⎢ q Κ ba

⎤⎧ χ ⎫
⎡ q Κ aa
⎥⎨ x = a ⎬ , qK = ⎢
χ
⎢⎣ q Κ ba
⎦⎩ x = b ⎭
q Κ bb ⎥
q Κ ab

⎤
⎡ (DW)x = a ⎤⎡ Wx = a ⎤−1
⎥=−⎢
⎥⎢
⎥ .
⎣ (DW)x = b ⎦⎣ Wx = b ⎦
⎦
q Κ bb ⎥
q Κ ab

(A-6)

K is the spectral element stiffness matrix of section q.
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